spectrum. Let (x; ) be a coherent state centered at the point (x; ) in phase space. We estimate as h ! 0 the averages of the squares of the inner products j ( a (x; ) ; h j ) j 2 over an energy interval of size h around a xed energy, E. This follows from asymptotic expansions of the form X j ' E j ( h) ? E h j ( a (x; ) ; h j ) j 2 1 1 Introduction Let H = ? h 2 + V (x) be a Schr odinger operator with V smooth, on R n (in which case we assume V tends to in nity at in nity and therefore H has discrete spectrum) or on a compact Riemannian manifold, M. The trace formula, 14], describes the small h asymptotics of the average, over a spectral interval of size h, of the matrix elements of a semi-classical observable, b(x; hD x ), between eigenvectors of H: Let ' be a Schwartz function whose Fourier transform is compactly supported and let E h j and h j the eigenvalues and eigenvectors of H. Then, under certain conditions on the Hamilton ow of the Hamiltonian H(x; ) = 1 2 j j 2 + V (x) on E = f( ; x); 1 (3) (For a precise statement see 11] .) Another way of writing (3) in R n is by using the so-called anti-Wick or Toeplitz quantization. Let ( (x; ) ), (x; ) 2 T R n , be the family of coherent states: (x; ) (y) = 2 ?n=4 (2 
The anti-Wick quantization of b(x; ), b AW (x; hD x ), is the operator de ned by the formula b AW (x; hD x ) = Z b(x; )( (x; ) ; :) (x; ) dxd : (5) It is easy to check that, under very general assumptions on V , ( h j ; b AW (x; hD x ) h ) = ( h j ; b(x; hD x ) h ) + O( h) : (6) So ( 
In other words, ergodicity of the classical ow on E implies that the measures j ( (x; ) ; h j ) j 2 dxd converge weakly to the normalized Liouville measure of E .
Numerical computations, for the so-called billiard problem on the stadium and for the hydrogen atom in a strong magnetic eld, show however that some concentration of eigenfunctions near unstable periodic orbits may occur. This scar phenomenon seems to disappear in the classical limit, contrary to the case of modes and quasi modes associated to stable periodic orbits.
Our purpose in this paper is to show that, on the average, the pointwise limit of j ( (x; ) ; h j ) j 2 depends strongly on whether or not (x; ) belongs to a periodic trajectory, and to analyze its behavior in each case. Before we state the results precisely, we would like to present the main ideas. The contribution of the periodic trajectories in the trace formula disappears in formula (2) , since it appears in
(1) at a lower order in h. On the other hand, the coe cient of the contribution of depends strongly on the support of b(x; ), so it is natural to think that if one takes symbols whose supports concentrate near a part of a periodic trajectory as h goes to zero, the periodic orbit can make a contribution to the leading order term. Using such symbols amounts, in e ect, to observing the wave functions at a smaller scale in phase space. Although this type of symbols do not belong to classical pseudo-di erential classes, the 'anti-Wick' quantization allows to consider such singular symbols. The simplest example is a symbol of the form b (x0; 0) (x; ) = (x ? x 0 ) ( ? 0 ) ; (8) a Dirac mass at (x 0 ; 0 ). Then (5) becomes b AW (x0; 0) (x; hD x ) = ( (x0; 0) ; :) (x0; 0) : (9) Such an operator is related to the theory of Hermite Fourier integral operators. Formally, it can be viewed as a pseudo-di erential operator with Weyl symbol B (x0; 0) (x; ) = (4 h) ?n e ? (x?x 0 ) 2 +( ? 0 ) 2 h
which obviously is not in any standard symbol class. If (3) were still true for b AW given by (9), we would get that for almost all eigenfunctions, the limit as E j ! E and h ! 0 of j ( (x; ) ; h j ) j 2 would be the result of applying the normalized Liouville measure to B (x0; 0) , which is
(Invariantly, the gradient is with respect to the quadratic form appearing in the Gaussian.) Our main result shows that, on average, there are extra contributions to j ( (x; ) ; h j ) j 2 .
It is useful to express our main result for a more general class of coherent states (see the next section for details).
Preliminary De nition. Let a 2 S(R n ), and (x; ) 2 R n or T M. A generalized coherent state centered at (x; ) and symbol a is de ned locally around x as: a (x; ) (y) = (y ? x)(2 h) ? 3n 4 2 ?n=4 e ?ix =2 h e i y= hâ ( y ? x p h ) : (12) Here is a C 1 0 cuto function equal to 1 near 0, and in the manifold case the formula above is in a given coordinate system.
Remarks:
-The formal de nition agrees with this one to leading order in h, but it allows for higher order terms which are needed to make the de nition coordinate-independent. The Schwartz function a is invariantly a symplectic spinor, which is the symbol of the generalized coherent state, see x2.
-The Proposition 2.4 below shows that the cuto is semiclassically inessential: modulo O( h 1 ) the state above is independent of it.
-In the case where a( ) = (4 ) ?n=4 e ?( 2 =2) , this is the usual coherent states de nition (up to the inessential cut-o and normalization).
-The normalization in (12) 
We will next state the result in the periodic case, in coordinates. If (x; ) belongs to a periodic trajectory of action S and primitive period T > 0, let S(t) be the matrix solution of _ S(t) = JHess(H)(x(t); (t)) S(t) ; S(0) = Identity ; (16) where J is the matrix 0 ?Id
, f(x(t); (t)g is the trajectory of the Hamilton ow generated by H starting at (x; ) and Hess(H) is the Hessian of H (see section 3). Invariantly, the mapping de ned by S(t) is the di erential of the Hamilton ow of H, and S(t) determines, by continuity in t, an element of Mp(R n ) (starting with the identity element at t = 0). Therefore one can associate to it a unitary operator, M(S(t)), on L 2 (R n ) through the metaplectic representation. A key role will be played by the metaplectic quantization of S(T ), U := M(S(T )) : 
therefore the rst term on the right-hand side of (13) is
In particular:
If (x; ) 2 and satis es the assumptions of Theorem 1. 
We will now give a coordinate-free interpretation of the integral appearing in the l-th term in (18), 8l 2 Z.
Consider the symplectic vector space V = T (x; ) (T M); let Mp (V ) denote the metaplectic group of V , double cover of the group of linear symplectic transformations of V . Choosing a coordinate system near x, we get naturally-induced coordinates on T M and therefore linear coordinates ( x; ) on V . Given a coherent state a (x; ) we claim that, intrinsically, the function a( ) should be thought of as a smooth vector in the metaplectic representation of Mp (V ) (see x2). Let is precisely R (t exp( ))dt (the integral should be understood in the weak sense). With this notation, the integral appearing in the l-th term in (18) is (a; G(U l (a))) : where the outer parenthesis denote the pairing between S(R n ) and S 0 (R n ).
The Riemannian case. We nish this introduction by observing that the previous results apply in particular to the large eigenvalue asymptotics of the eigenfunctions of the Laplacian on a compact Riemannian manifold. Let M be a Riemannian manifold, the (negative) Laplacian on M and j ; j the eigenvalues and eigenfunctions of . Instead of working with h 2 j it is customary in the Riemannian context to work with the square roots of the eigenvalues j = p ? j ;
which can be done with trivial modi cations to the proof. Pick (x; ) 2 S M, the unit cotangent bundle of M, periodic with respect to geodesic ow. Let (r; s), r = (r 1 ; : : : r n?1 ) be Fermi coordinates in a neighborhood of x, adapted to the geodesic through (x; ). Thus if (r; s; %; ) are the coordinates induced on T M, locally the geodesic is the parametrized curve fr = 0 ; % = 0 ; s = t ; = 1g. Let V be the tangent space to T M at (x; ). The coordinates (r; s; %; ) induce linear coordinates ( r; s; r ; s ) on V , and in these coordinates the vector (x; ) is (0; : : : ; 1; 0; : : : 0) (1 in the n-th entry). Recall the interpretation given above of the coe cient (18) . We were led to consider the operator G = as ! 1 (one has in fact a full asymptotic expansion in powers of p ).
We won't bother to formally state the formula regarding Formula (30) simpli es for certain choices of test functions a, as we will now see. Recall that the operator U is the metaplectic quantization of the di erential of geodesic ow at (x; ), at time L. Such a di erential leaves invariant both and the radial direction in T M. Those two directions span a symplectic subspace V 1 of V . Let V 2 be the symplectic orthogonal to V 1 . Then the di erential of the ow preserves this decomposition of V ; it is the identity on V 1 and the linearized Poincar e map on V 2 . Accordingly, it is natural to consider Schwartz functions a of the form a( ) = e ? 2 s =2 a 1 ( r ) :
On such an a, the operator U has the form U(a)( Although we won't go into details here, we mention that the operator M can be computed in terms of the transverse Jacobi elds of . The paper is organized as follows: sections 2 and 3 deal with propagation of coherent states, section 4 contains the proof of the Theorems 1.1 and 1.2 and section 5 the proof of additional results. In section 6 we treat the case of Gaussian symbols and show that the elliptic case gives rise to "Poisson formulae". We conclude in section 7 by a discussion of the results.
Coherent states and Hermite distributions
Let S a Riemannian manifold. In 1] (see also 8]) Boutet de Monvel and Guillemin associate to any conic isotropic manifold ? in T (S) a family of distributions on S whose wave-front sets are included in ?. These distributions have symbols that are symplectic spinors on ?. We will concentrate in this paper in the case where S = M R , with M an n-dimensional Riemannian manifold (M might be R n ) and ? is one dimensional. We will work on a local system of coordinates, but, by the theory of Hermite distributions, the main results are independent of any choice of coordinates.
We begin by brie y recalling the de nition of Hermite distributions as it applies to the present setting. Let a(x; ; ) 2 C 1 (M R + R n ) compactly supported in x and rapidly decreasing in admitting, as ! 1, an asymptotic expansion of the following form:
a(x; ; )
?j=2 a j (x; ) ;
where 8j the function a j is in the class C 0 S(R n R n ) de ned as follows:
De nition 2.1 We'll denote by C 0 S(R n R n ) the set of all smooth functions a(x; ) that are compactly supported in x and satisfy: 8K; M; N non-negative integers 9C KMN 
(For the precise meaning of (35) 
and S(t) be as in x1. S(t) is the matrix of the di erential of the Hamilton ow in coordinates.
The associated linear transformation is symplectic and maps the tangent vector to the trajectory at (x(0); (0)) to the one at (x(t); (t)). Since S(0) is the identity, one can naturally lift the S(t) to the metaplectic group, Mp(R n ) in a continuous way, starting at the identity. We will continue to denote the lift by S(t). Let M(S(t)) be the family of unitary operators image of S(t) by the metaplectic representation.
The following result shows that after evolution a coherent state remains a coherent state and gives the leading term of the symbol. 
uniformly on each compact in (t; x)-space. Herè 
Observe that Char (Q) \ f 6 = 0 g = f(t; y; ; ; ; ) ; = = H(y; = ) g :
Since the principal symbol Q of Q and the function Poisson commute, it follows from (57)
that the null-bicharacteristic strips of Q in the region f 6 = 0g are the same as the trajectories of the Hamilton ow of the function H(y; = ) ? = . We also know that the wave-front set of u is invariant under the Hamilton ow of the principal symbol of Q on T (M S 1 ). In the region f 6 = 0g that Hamilton ow is, up to a rescaling, the Hamilton ow of H. From this, using the fact that the initial condition has wave-front in the set ? of (38) and the calculus of wave-front sets, one can show that the wave-front set of u is in fact (55 
Here (x(t); (t)) = t (x; ) is the trajectory of (x; ) under the Hamilton ow of H(x; ) and`(t)
is as in Theorem 3.1 .
Proof On the one hand, by the previous lemmas, g :=Q(u) 2 C 1 :
Therefore, the distribution u can also be described as the solution of the pseudodi erential equationQ (u) = g; Such an f indeed exists; observe that therefore the rst summand on the right-hand side of (62) is smooth.
To conclude the proof of the lemma we will use the theorem of propagation of Hermite distributions trough Fourier integral operators. ) is an Hermite distribution associated to ?(t). Since by (62) u(t) is equal to it modulo a smooth function, the proof is nished.
2
To nish the proof of the rst part of the Theorem just note that by the previous Lemma the di erences t ? e i `(t) a(t) (x(t); (t)) (with = 1; 2; : : : are the Fourier coe cients in of a smooth function on M S 1 ; therefore they are rapidly decreasing in uniformly on x in compacts. This proves the rst part of the lemma for values of h along the values h = 1=(m+c) ; m = 1; 2; : : :. It is clear however that the estimates must be uniform in c, and therefore we get the desired conclusion as h ! 0 continuously. 
We want to prove that a solution of this equation is given by a 0 (t) = M(S(t))a 0 (0) :
We can easily compute d 
dt M(S(t)), 13]: M(S(t + t)) = M(S(t) + t _ S(t) + O( t 2 ) = M((
Identifying once more gives the equation for S.
Remark:
It is possible to get the same result directly from the symbolic properties of Hermite distribu- 
For simplicity we will take a(t) = a(t; y; ) to be the leading term in the expansion (35) We now return to I l . Plugging (76) in (89) and summing over l gives the existence of (17) and the leading term (18) .
Tauberian Arguments. To prove (15) and (19) we will use a the following Tauberian lemma proved in 2] (see also 3]). Consider an expression of the following form: 4. There exists an " > 0 such that for every ' there is a constant C ' such that for all E 0 2 E ? "; E + "] : j w E 0 ; h (')j C ' !( h)
(rough uniformity in E). 5 . The w j ( h) are non-negative and bounded: there exists a constant C 0 such that for all j and all h; 0 < h < h 0 : 0 w j ( h) C :
6. The eigenvalues E j ( h) satisfy the following rough estimate: for each C 1 there exist constants C 2 ; N 0 such that 8k
#fj : E j ( h) C 1 + k hg C 2 ( h ?1 k) N0 :
De ne the weighted counting function by
where
Then the conclusion is:
In the present context, we wish to take
With the shown normalization, property (93) 
Before we prove the lemma let us mention that it easily implies the required continuity property of the functional F 0 . Proof Recall the interpretation of the right-hand side of (102) as a matrix coe cient of U l = M(S(T )) l in the metaplectic representation. Let (e; f) 2 R n , we de ne the Weyl Finally, we need to establish the rough uniformity in E. To do that we must ask the patient reader to go over again the proof of the asymptotic expansions of Theorems 
Proof This is a straightforward computation using, e.g. 
This allows also to do the computation for an arbitrary symbol, expanding it on the Hermite basis.
7 Discussion of the results
Our main theorems describe the weak asymptotics for small h of the weighted spectral measure Remark: One also has a similar result for the weighted spectral measure for an arbitrary symbol a, by decomposing a on the Hermite basis, in which case the summation over m 0 would be non-trivial.
The unstable case. Let us turn now to the case where is unstable. 
Proof By the results of x6 in this case the coe cient d 0 has the form: 
By the Poisson summation formula, and using the fact that the Fourier transform of a product is a convolution, one gets the result.
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Remark:
The formula above is, for small Liapunov exponents, a kind of \smeared-out Poisson formula". -The fact that (x; ) belongs or not to a periodic trajectory doesn't a ect the order of the expansion, but rather changes the numerical leading coe cient.
-This coe cient becomes greater as (the highest Liapunov exponent) tends to 0. 
Let us take (x; ) 2 and let us suppose n = 2 (the case n > 2 can be treated analogously 
